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Abstract. In this study, we prove some inequalities on algebra of fractions constructed
by coordinatewise operations defined on fractions. Inverse property of coordinatewise
sum operation is found out and inversion intervals are determined. Based on this property,
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1. Introduction

Linear fractional programming (LFP) problems are a special type of non-
linear programming problems. In LFP, the objective function is a ratio of linear
functions and the constrains are linear functions. In such models, under linear
restriction, one of the extremal values of two linear form (function’s) ratio is
found [3]. Many decision problems in economical and technical systems can be
shown as models of Linear Fractional Programming [3, 7]. In real life situations,
linear fractional models are applied more in decision making such as construction
planning, economic and commercial planning, health care and hospital planning.
An integer programming where all the variables are restricted to a value of 0 or 1
is called 0-1 integer programming or boolean programming. A significant part of
the LFP problems consists of Boolean Linear Fractional Programming problems
(BLFP). The models of BLFP are used in the process of the construction of
technical and economical systems, in planning of huge energy and production
complexes, and in modelling computer supported management systems [2, 3, 7,
10, 17]. Hence, improving new and fast solution methods for LFP problems, and
designing effective algorithms are of great importance.

In the literature, several approaches and strategy are suggested to solve LFP
and BLFP problems. Bajalinov have recommended many methods to solve LFP
problems [3]. Isbell and Marlow first identified an example of LFP problem and
solved it by a sequence of linear programming problems [13]. Charnes and
Cooper [6] considered variable transformation method to solve LFP and the
updated objective function method were developed for solving the LFP problem
by Bitran and Novaes [5]. Gilmore and Gomory [8], Martos [15], Swarup [22],
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Wagner and Yuan[26], Pandey and Punnen[19] and Sharma et al. [21] solved the
LFP problem by various types of solution procedures based on the simplex
method developed by Dantzig [9]. Tantawy proposed two different approaches
namely; a feasible direction approach and a duality approach to solve the LFP
problem [23, 24]. Mojtaba Borza et al.[16] solved the LFP problem with interval
coefficients in objective function which is based on Charnes and Cooper
technique [6]. Odior solved the LFP problem by algebraic approach which
depends on the duality concept and the partial fractions [18]. Jayalakshmi and
Pandian propose a new method namely, denominator objective restriction method
for finding an optimal solution to LFP problems [14].

Addivite algorithm was developed for BLFP problems [4]. Puri and Swarp
suggested the extreme point mathematical programming technique for solving
BLFP as well as Integer Linear Fractional Programming (ILFP) [20]. Arefin’s
purpose is to solve such types of problem using an enumerative algorithm. He has
used additive algorithm of Balas [4] for solving a class of BLFP problems [1].
Recently, Tantawy have introduced a new procedure for solving the ILP problem
based on conjugate gradiant projection method with the help of the spirit of
Gomory cut [25].

As a result, several methods have been developed for Boolean Linear
Fractional Programming problems. In order to solve this type of problems, one of
the operations (coordinatewise operations) on fractions performed by the
“numerator - numerator”, “denominator - denominator” principle is required.
Taking this into consideration [11], operations done by this principle and denoted
by the symbols @, ®, ©® are handled, their properties are investigated, and
geometric representation are given. In this paper, some inequalities for operations
defined above are proved. These inequalities lay a mathematical foundation to
solve LFP and BLFP problems, and calculate the guarantee value of the
algorithms constructed for these problems. We developed a greedy algorithm for
0-1 minimization Knapsack Problem and calculated guarantee value of this
algorithm by using those inequalities [12].

1. Algebra of Fractions

The Fractions algebra defined in [11] are based on coordinatewise operations.
Definition 1. The operations denoted by @,® and © are defined on set

{f| f=— abeR}
b’

as follows, where R = (—o0,+0), @ and ® arebinary,and © isaunary operation.
f@f,= Aol _atd

by bz b +b,
f@f=ak-4%
b, b, bb,
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j0f,—108-22
0) 0= b, b,
forall 1eR, flzi, f, % 0.
by b,
Remark 1. We write f ©g=f &(-g).
Definition 2. The value of every element of ©® is called the module of the
element; the module of f is denoted by| f|. Given a natural number k, the

k : . :
® and P represent the same number, that is, their module is the same.

numerals
kq q
12314 1
For example, the numerals=,— 9 .. represent the same value, namely =.
36 912" 3
ThHHM ~03333.

a =

In other words, each element f = b of © corresponds to a vector t = {b,a}
in the plane RxR. Then module of f is equal to the tangent of the angle that
vector ¢ makes on positive direction with Ox-axis, i.e., | f| =tana .

Remark 2. Let f =" c@. Then, the module of f is defined as
n

|f|_ +o0, m>0,n=0

| =0, m<0,n=0

Moreover, m=n=0 if the module of f is undefined.

Theorem 1. [11] The system (©,®,®,®) is an algebra on the set of real numbers.

2. Some Basic Inequalities

The following inequalities to be proved will be of main importance for the
next sections.

Proposition 1. For all f, f, € ®, if [f,|>|f,|, then |f|+|f,|>|f|>|f, & f,|>|f,].

Proof. Let | f,|=k, and |f,|=k,, for f, :%, f,= % . Then we can write
2

.| = k,=a =bk

A

a
f=—2=
|2| b

2

k, = a, =b)k,

|f.|=]f,| =k =k,.
Now from
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ot -[Reod|- 3, +3,| _|bk +bk,|
b "b,| [b+b,| | btb, |
S
T b +b, b, +b, 2o
We get
RXARIA (1)
Also, from
ot [Red a1+a2|:‘b1k1+b2k2|
b, " b,| [b+b,| | b+b,
|k, k| (b1+b2)k1|=kl=|fl|
b +b, b +b,
We obtain
.01, <|f] 2
Thus, the required inequalities follow from (1) and (2).
Proposition 2. |f,|>|(210 f,)®(u o f,)|2|f,| holds for |f,|>|f,| and
/I,yeR\{O}.
Proof. By proposition 1, we have
(Ao f)®(uof,)2|uo f|=|f,) ©)
f|=|iof]z[(20 )@ (Lo T, 4)

Hence, the desired inequality follows from (3) and (4).
Proposition 3. Let |f,|>|f,| and A, > Apy for 4,4, 14, 11, eR* and
f,f,eQ,.. Then

|(/11© f)®(1n0 f2)| 2|(j’z Of)® (1, © 1E2)|

holds.
Proof. We have

) Ak + kb, Ak + kb,
‘(/11(9 fl)@(,ui@ fZ)‘ ‘(A? © fl)@('uz © fZ)‘_ (ﬂlbl"'/vﬁbz) b, + 1b,

_ (ﬂyuz _ﬂ?ﬂl)blbz (kl _kz)
(ﬂ‘lbl + 440, )(ﬂzbl +/u2b2)

= k2 = a2 = k2b2 . SInCE ﬂlﬂZ 2/12/'4[1

for |f1|:‘% =k, =a, =kl and |f,|=

7
b,

Aty — A1 20 and from k; >k, , k —k, >0. Hence, we get

|(11@ fl)@)(/“lg f2)|_|(ﬂ"z O fl)@)(/“z O f2)|ZO
Proposition 4. Let |f|>|g| and |f @ g|<|¢p| for f,g,€® . Then either | f|<|¢|

or |g| <[] if | f|> |¢| holds.
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Proof. If we set f,=f and f, =g then by proposition 1, we get |f|>|f @ g|>|g|.
Under the hypothesis |f @g|<|g|, we have two cases to consider. In the first
case, we have |f|>|¢p|>|f @g|>|g|. Then we have |f|>|¢| while |g|<|g]|. Inthe
second case, we have |¢| >|f|>|f @ g|>|g|. Then we get | f|<|g| then |g|<|¢].

3. Inversion Properties

In this section, we examine whether the elements of ® defined on R”
preserve the ordering under the operation @ . Here, we set
F=F&f,F=Fa&f,

F =max{F,F,}

f =min{f, f,}=f,
where F, f,, f,e®_. and |F|>|f|>|f,|.
Theorem 2. If | f,© f,| & (|f,],|F,|) then |F|>|F,|.

Proof. Let F=é, f _arha f =%. Then we have

B ' b+Ab 2

A _a+Aa A+a+Aa

F=F@f=—0 =
B b+Ab B+b+Ab
F-Fof-_@l_A%a
B b B+b
Aa
fl@fz:A_b

We denote F,—F, and f,—f, by AF and Af , respectively. Then,
A+a+Aa A+a

AF =F, —F, = - 5
' 2 B+b+Ab B+b ®©)
a+Aa a

A =f —f = —= 6

' 2 btAb b ©)
In this case, to have
It suffices to show

Aa |a A+a
— |-, 8
Abg[b B+b} ®)

to prove the theorem. Rearranging the equations (5) and (6), we get
A+a+Aa A+a

B+b+Ab B+b

_ AB+Ab+aB+ab+BAa+bAa— AB— Ab— AAb—aB —ab—aAb

(B+b+Ab)(B+b)

AF =F, —F, =
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a_(A+a)
_ BAa+bAa—AAb-aAb (B+b)
B (B+b+Ab)(B+b) B (B+b+Ab)

Ab

_Aa-RAb
B+b+Ab
and
Af = f,— 1, _at+Aa a_ab-bAa-ab-aAb
b+Ab b b(o+ Ab)
a
Ad—AD Aaf4b
b+ Ab b+Ab
e write AR —23=F22 D80 S8 szb, then we can express

Aa—f,Ab B+b+Ab b+Ab
£_fa-FAb b+Ab
Aa—f,Ab B+b+Ab’

)

Then if we show that

Aa—-F,Ab b+ADb S
Aa—f,Ab B+b+Ab
the inequality (9) becomes the same with (7). We have b+Ab>0 since the
elements of denominator of linear fractional function come from R™. In this case
in order for (10) to be satisfied, it will suffice that
Aa—F,Ab .
Aa— f,Ab
Now, (11) holds if and only if one the following conditions satisfied:

. Aa A+a
I —>max{F,, f,} =F, =——
W SpzmaiR b =F =g

.. Aa . a
(") A—b<m|n{F2,f2}=f2 =E

(10)

(11)

But the conditions (i) and (ii) mean that (8) is satisfied.
Corollary 1. If |f,© f,| (| f,||F,|). then |f,© f,| e (| f.].|F)-

Proof. By using Theorem 2, if | f, © f,| (| f,|.|F,|) then |F|>|F,|. If
f,© f,|¢(|f,].|F,|) then two cases are in question:

(i) If f, <|f,|, then f, <|f],since |f|>]|f,|.

(iiy If f,>|F,|,then f, >|F|,since F=F,®f,.
Hence, we get f, (|f,],|F).

Corollary 2. |f, o f,|e(|f,].|F|) or |f,o f,| (| f,].|F,|) then |1, fle (| F

).
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Proof. It follows from Theorem 2 and Corollary 1.

Definition 3. The interval corresponding to M, =<—oo,‘f*‘)u(‘F*‘,+oo) is

called Monotony Domain and the interval remaining outside of it is called

Inversion Domain, and is denoted by U, :( f )
As we see from this definition, if |f,|>|f,| then |F|>|F,|, where F,=F & f,

and F,=F ® f,. In the Inversion domain we have exactly the contrary case, that

is, if | f,|>|f,|, then |F|<|F,|.

Definition 4. If |f,© f2|=|fl|, then |f|=|f,|=|f

*

F

*

and if b, <b, then |F|>|F,|,

where f, = le f, = b . In this case we say that the point f is a multivalent
2

point.
Definition 5. If |f,© f,|=|F|, then |F;|=|F,|=|F"|. Then in this case the point

F" is called an Invariant point.
4. The Sums Under The Different Strategies

In this section, we will deal with three distinct strategies with respect to the
sum and we will compare them, and finally we will examine whether the sums are
equal under local and global criteria.

7, cortege is defined as
r,={fliew,w, =12 .n|f|2|f,| i=1..,n-1}.
F¢ defined by

k
—@f
i=1

denotes Local criterium according to the sums where f; ez, . This means that F

is coordinatewise sum of the first k elements ordered by their module.
=1{1,2,...,k} denotes the ordered of first k index set.

Given
= f,

Fkil { c@f||RS@f|= max {|RS @f\}}

iewy \ WP
W= {1},
W, = {W UJ‘ Fa=FR®f, }
FS denotes the sum according to global criterium. F°, inserts automatically F°

into FS, and chooses among the remaining elements as (k+1)" element f,
which makes the coordinatewise sum maximum.
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F. chooses k f; fractions which make coordinatewise sum maximum if k <n.
w, is taken to be the set if indicates of f, chosen from F. .
F. is defined as

F =@ f

few,
The sums may not always give maximal values according to Global and Local
criteria. We give now a theorem that indicates a condition under which the sums
are equal according to local and global criteria.

Theorem 3. If |f, © f;| eU,, forall i, jew,, then wZ =w; =w for every k.

® fH

few,

:max{

Wy CW,

Proof. The proof of w® =w; follows from the algorithmic construction of sets
wS and w, when conditions of the theorem are considered. We prove wC =w]
by induction. Clearly wS =w; holds for k =1.

Assume that theorem holds for k=m-1, that is, w>,=w . Suppose that

wS =w], does not hold. Then there exists w, such that | @ f|>| @ fi‘ . Then we
have two cases w_ WS =& and w_ "W = 3.
Case 1: Let w, nwE =@, Then

(_@G fi)@fs s(@ fi)@fp 12)

forsome Ipew, and Vs ew, . By the definition of w¢,, we have

(@G fij@fp < (_@g fij@) fol=|® fi|=F; (13)
Using Proposition 1 and (13), we get
t@[(_ D fij@ ft} < ( @ fi)&) f,
L@_@g fi}@{t@ ft} < (_@()3 fij@ f,
[m@( ® ft)}@[@ft}ﬁ ® fi‘=|=mG (14)
iewS ; tew, iewS
m®(_@g fij‘: (@3 fij‘szG_l. (15)
From (14) and (15) it follows that
Fn‘f < Fnil. 16)
The following inequality is clear from Proposition 4 and (16)
@ f|<|D f, @n
tew, iewS

But (17) is contradicts assumption (12). Therefore, the theorem is proved for this
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case.
Case 2. Let vamwﬁ = . For the sake of simplicity, consider only the case
m = 3. We can write such a proof for all m<n.

Let w, ={i,i,,i;}, w5 ={1,2,3},w; ={1,2}. Without loss of generality, let

(e t)or)s[en)en
By the definition of w_,, we have

e

Using associativitiy and commutativity properties of @ we get, by developing
(15),

‘[( Lef)ef]efe(f,e fis)}‘:‘[( Lef)ef ]e[(hef)ef ]
Using Proposition 1 we obtain from inequality above

i,=1ie,w,w®=11i,=p and

<

<

o f|=F’.

iew;

\[( ref)ef |e[(hef,)e fisj‘s‘( Lef,)ef| (18)
From the condition |f, © fy|¢U  , in the theorem it follows that we have
fef ef|zfef,ef| 19)

Taking in the consideration (18) and (19) we obtain
fLof @ fia‘ <|f,® f, ® f,|, which is in contradiction with (19).

5. Some Propositions

It is important to know relation between F° defined according to global
strategy and F," defined by local strategy. We have already proved |F;°|>|F,|

and |F?| <|F,"|. Throughout this section we set f, = &

Proposition 5. If we define BS = Y'b and By = > b for each k<n, then
BS <B,.
Proof. We proceed by induction. The result holds for k =1, since
B>=> b=>b=8
iew® iew-
where w® =1=w;.
Assume that we have
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By =Y b=b +b +..+b_
tewﬁ
B,=Y b =b+b,+..+b,
tewﬁ
For k =m, and prove the proposition for k =m+1.
Now according to local and global strategies we have by definition of sum
Brt+1 = Brlﬁ + bm-*—l
and
B°,=B, + b, .

There are three cases to consider.
(i) If i,,,, =m+1, then BS, <B! .. Indeed, by induction hypothesis, it

m+1

sufficies to add m+1 on both sides.
(i)  If i, <m+1, then there exists t e wS such that i, =t. Then i, e w\.

If i, <m+1, then there is sew;, such that i, =s, and in this case
i, ew.. When i, >m+1, clearly we have it is obvious that

|f, 0 f]eU , and |f of,

€U, .Inthis case, b_<b, and we

conclude that B® . < B-

m+1l — T m+l*

(i) I i,,>m+1 then |f, ©f, |eU, . ;henceb  >b_ , andwe
QEt Brﬁﬂ < BnI;Jrl'

Proposition 6. We have

Fe|=|f,| and BY > by, for every k <n.
Proof. The part BS >b, is obvious. For the proof of ‘Fﬂ2|fk|, we employ
induction ok k. For k =1, according to global strategy by definition of sum we
have F° = f,, hence [F°|=|f,].
Assume that |F.°| > |f,| for k =m and prove that |F?,
Thereisa f, suchthat F¢, =F @ f_.

(@) If s=m+1, then by Proposition 1, we have ‘Fmil

>|f,,| for k=m+1,

>| f

m+1|'

(b) If s=m+1, then m+1ew, . Assume, to the contrary that

Fe® | <|f,.l (20)
Now by induction, we have
IFr| = fal = (21)
and
Fe @ f ] 2| - (22)
Therefore, we get [FS @ f,,|>|f> @ f,| from (21) and (22). But this contradicts

(20), thus we obtain the inequality |F.> @ f,

>| f

m+1|'

10
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Proposition 7. We have |F°|>|FS,| and B <BY,, for every k<n; that is,

{FkG}:=1 is monotone decreasing while {BE}:zl is monotone increasing.
Proof. Clearly B < B¢, holds. We prove the first part by induction on k.
For k=1 there is f, such that F®=f, F°=f @f. Since |f|>|f, ® ]| by

Proposition 1, we then have F,° > F,. Assume that || >|F?,| holds for k=m and

G
2 ‘ Fm+2

In other words, if we show that |F2|>|f|, then |F°|>|Fs @ f,

G
prove |F2,

will

follow from Proposition 1. This means that we thus get |F2|>|F2,|. To prove
[F2|=|f,| we consider the following.
(i)  Let s>m_ Then by Proposition 6 we find |F?|>|f,|>|f,].

(i)  For s<m we have |F?|<|f,|. Define F, by

F =FS,®f (23)
From our assumption we have
F®, >F°, (24)
Now
Fe, @ f|>|F7|

Follows from (23), (24) and Proposition 1. This is F_mz F°. But it contradicts

with Fy to be maximum. Therefore, we find ‘Fﬂ >|f|.

Proposition 8. If rlﬂ%kx{l} < flfgvlv[\{l} for all W,, W, €W, then iSBVTk f|> igk fi‘.
Proof. Let r.n%kx{'} <i, and r.nv'vkn{'} =i,. By Proposition 6 we get

® >, (25)
From Proposition 6 again, we findk

® >, (26)
Then we see by the hypothesis that Wf%{l} < fllgvlv[\{l} ‘fil‘ >, |. The desired

inequality follows from (25) and (26).
6. Conclusion

In this work, we prove that, in fractions algebra formed by coordinatewise
operations defined on fractions, the sum operation possesses inversion property in
some cases. The inequality condition of sums is investigated according to
different strategies. Then taking into account this condition, we prove some

11
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inequalities which allow to make use the difference of sums compared by
different strategies from the maximal sum. These inequalities will be use to
evaluate solutions of LFP found by heuristic algorithms based on suggested
strategies above.
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